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Abstract 

In this paper, we show that there is no (^-recurrent Sasakian manifold. 
Then we prove that the only flat 3-dimensional manifolds are 0-recurrent 
{k, /i)-contact metric manifolds. 
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1 Introduction 

Local symmetry is a very strong condition for the class of Sasakian manifolds. 
Indeed, such spaces must have constant curvature equal to 1 [5] . Thus Takahashi 
introduced the notion of a (locally) (/^-symmetric space in the context of Sasakian 
geometry [5]. Generalizing the notion of 0-symmetry, De-Shaikh-Biswas intro- 
duced the notion of 0- recurrent Sasakian manifold [6]. In [5], Boeckx-Buecken- 
Vanhecke introduced and studied the notion of (/)-symmetry with several exam- 
ples. In [?], Boeckx proved that every non-Sasakian (k, /i)-manifold is locally 
(/(-symmetric in the strong sense. 

In [7], Jun-Yildiz-De introduced a type of (k, /i)-contact metric manifolds 
called (/)-recurrent (k, /i)-contact metric manifold which generalizes the notion of 
(/)-symmetric [k, /z)-contact metric structure of Boeckx. They proved that three- 
dimensional locally (/i-recurrent (k, /z)-contact metric manifolds are of constant 
curvature. They show the existence of (/)-recurrent (k, /x)-manifold by using an 
example which is neither locally symmetric nor locally (/>-symmetric. 

In this paper, we introduce contact metric manifold, Sasakian manifold, 
(k, /x)-contact metric manifold and study important properties of these spaces. 
We show that there exists no (/(-recurrent Sasakian manifold. Then we present 
the example given by Jun-Yildiz-De in [7] . In [7] , the authors claimed that the 3- 
dimensional manifold given in this example is a non-Sasakian locally 0-recurrent 
(k, /i)-contact metric manifold, which is not locally (/)-symmetric. We show that 
this example is not correct and moreover we prove that there is no non-Sasakian 
locally (/(-recurrent (k, /Lt)-contact metric manifold with dimension 3, which is not 
locally (/(-symmetric. We also prove that the only flat 3-dimensional manifolds 
are (/(-recurrent (fc, /z)-contact metric manifolds. Finally, we show that there 
exists no non-flat {2n + l)-dimensional (/(-recurrent (locally (/(-recurrent) contact 
metric manifold of constant curvature. This assertion show that Theorem 4.1 
in [7] is not correct. 



1 2010 Mathematics subject Classification: 53C15, 53C40. 
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2 Contact Metric Manifolds 



We start by collecting some fundamental material about contact metric geom- 
etry. We refer to [3] for further details. 

A differentiable (2n + l)-dimensional manifold Af^"+' is called a contact 
manifold if it carries a global differential 1-form 77 such that 77 A (d?])" 7^ every- 
where on M^"+^. This form ry is usually called the contact form of Af^"+^. It is 
well known that a contact manifold admits an almost contact metric structure 
((/), f , 77, (7), i.e., a global vector field ^, which will be called the characteristic 
vector field, a (1, 1) tensor field (j) and a Riemannian metric g such that 

{i)v{0 = i, (it) = -id + fj(g>^, (1) 

g{<t>X, <PY) = g{X, Y) - v{X)v{Y), (2) 

for any vector fields on M^"+^. Moreover, {4>,^,r],g) can be chosen such that 
dri{X, Y) = g{X, (pY) and we then call the structure a contact metric structure 
and the manifold M^"+^ carrying such a structure is said to be a contact metric 
manifold. As a consequence of H]) and ([!]), we have 

(/-c^o, 770^ = 0, d77(e,^)-o. 

Denoting by Lie differentiation, we define the operator h by following 

hX := \{£^(j))X- 

The (1, 1) tensor h is self-adjoint and satisfy 

[i) 0, (m) h(j) = (Mi) Tr/i = Trh(f> = 0. (3) 

Since the operator h anti-commutcs with (j), if X is an eigenvector of h corre- 
sponding to the eigenvalue A, then (f>X is also an eigenvector of h corresponding 
to the eigenvalue —A. 

If V is the Riemannian connection of then 



= - 4>hX, (4) 

Vc0 = 0, (5) 
g{RitX)Y,Z) = gi{Vx^)Y,Z)+giiVz<l^h)Y - {VY<l^h)Z, X), (6) 
2iVhx<l))Y = -R{i, X)Y - cj,R{S,, X)0F + (j,X)Y - R{C, ct>X)^Y 

+ 2g{X + hX,Y)i-2ri{Y){X + hX). (7) 



A contact structure on M^""'"^ gives rise to an almost complex structure 
on the product M^"+^ x R. If this structure is integrable, then the contact 
metric manifold is said to be Sasakian. Equivalently, a contact metric manifold 
is Sasakian if and only if 

R{X,Y)^ = 7j(Y)X -7j(X)Y. (8) 
Moreover, on a Sasakian manifold the following hold 

iVx<l>)Y ^g{X,Y)^-r^{Y)X, h ^ 0. (9) 
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The (k, /i)-nullity distribution of a contact metric manifold Af^""*"^ f , 77, g) for 
the pair (k, /i) G is a distribution 

N{k, fj.):p — > Np{K, ^) = |z e TpM : R{X,Y)Z = n{g{Y, Z)X - g{X, Z)Y) 

+ ti{g{Y,Z)hX - g{X,Z)hY)y 

A contact metric manifold M^"+^(0, ^, ry, with f g N{k,^) is called {k,ii)- 
contact manifold. So, for a (k, /i)-contact manifold, we have 

R{X, r)e = k(77(>")^ - + Kv{Y)hX - v{X)hY). (10) 

On a (k, /i)-contact metric manifold, k < 1. If /t = 1, the structure is Sasakian 
(h = 0). For At = /Lt = 0, we have R{X,Y)^ ~ 0. In JL,, Blair proved the 
following. 

Theorem 2.1. (,1 ) A contact metric manifold M^"+^ satisfying -R(A', F)^ = 
is locally isometric to E"'~^^ x 5" (4) for n > 1 and flat for n — 1, where £'"+^ 
is Euclidean space and 5" (4) is a sphere of constant curvature 4. 

In a (k, /i)-contact metric manifold, the following relations hold (see [2], [2], 

H) 



^ {k ~ , K<1, and K = 1 iff A/2"+i is Sasakian, (11) 

{\/xv)iY)^g{X + hX,4>Y), S{X,0 = ^nKr^{X), (12) 

(Vx'^)(r) = g{X + hX, y)e - viY){X + hX), (13) 

i?(e, A)r = k(5(A, r)e - ^{Y)X) + m(.9(/i^, >^)? - ri{Y)hX), (14) 
77(i?(X, y)Z) = K{g{Y, Z^X) - g{X, Z)n{Y)) 

+ fiigihY, Z)r,{X) - g{hX, Z)tj{Y)). (15) 

Definition 2.2. A contact metric manifold M'^"^^ {(f), ^, rj, g) is said to he locally 
(j)- symmetric if 

(f)^{{VwR){X,Y)Z)^0, (16) 



for all vector fields W, X, Y, Z orthogonal to ^. If il6\) holds for all vector fields 
W , X , Y , Z (not necessarily orthogonal to then we call it (j)- symmetric. 

The notion locally 0-symmetric, was introduced for Sasakian manifolds by 
Takahashi [9 . 

Definition 2.3. A contact metric manifold M^"~^^{<f>,£^,rj,g) is said to be (j)- 
recurrent if there exists a non-zero 1-form A such that 

(b''iiVwR){X, Y)Z) = A{W)R{X, Y)Z, (17) 

for all vector fields X, Y, Z,W . If the above equation holds for all vector fields 
W, X, Y, Z orthogonal to ^, then we call it locally (p-recurrent. 

These notations were introduced for Sasakian manifolds by De-Shaikh-Biswas 
[B] and were introduced for (k, /^)-contact manifolds by Jun-Yildiz-De 
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3 Existence of 0-Recurrent Sasakian Manifold 



In [5], De-Shaikh-Biswas introduced the notation Sasakian 0-recurrent contact 
metric manifold. In this section, we show that there exists no contact metric 
manifold of this type. Therefore this definition is not well defined. 

For a Sasakian manifold, we have h = and k — 1. Then using (fT^ 
and (jl5|) . we have the following. 

Lemma 3.1. Let M'^"'^^ ((f), ^,7], g) be a Sasakian manifold. Then the following 
relations hold 



VxC = -(f>X, (18) 

{Wxv){Y)^g{X,cbY), (19) 

viRiX, Y)Z) - .g(r, Z)^{X) - giX, Z)r^{Y), (20) 

S{X,£) = 2nr]{X). (21) 



Here, we consider the contact metric manifolds with dimension 3. It is 
known that the Riemannian curvature of a 3-dimensional Riemannian manifold 
M satisfies in 

R{X, Y)Z = g{Y, Z)QX - g{X, Z)QY + S{Y, Z)X - S{X, Z)Y 

+ '^[g{X,Z)Y -g{Y,Z)X], (22) 

where Q is the Ricci operator, that is , g{QX, Y) = S{X, Y) and r is the scalar 
curvature of M . 

Theorem 3.2. There is no (f>-recurrent Sasakian manifold with dimension 3. 

Proof. Let M be a 3-dimensional (/)-recurrent Sasakian manifold. Then the 
Riemannian curvature of this manifold satisfies in ([2^ . Putting Z = ^ in 
and using (pij) and 77(^) = 1, we obtain 

R{X, y)e = (2 - ''-MY)X - i^{X)Y] + v{Y)QX - v{X)QY. (23) 

Then (g]) and ^ give us 

(1 - ^MY)X - rj{X)Y] = ii{X)QY - v{Y)QX. (24) 

Setting y = ^ in dM]) and using (HT]), we get 

QX^C--l)X + {3-^-UX)^, (25) 

which gives us 

Six, Y) = g{QX, Y)^C-~ l)giX, Y) + (S - ^-MX^Y). (26) 
By (HH), 1211) and ([21]), it follows that 

RiX, Y)Z = (3 - ^)[g(y, Z)r^{X)^ - g{X, Z^Y)^ + v{Y)r^{Z)X 

- ii(XUZ)Y] + C-- 2)[g{Y, Z)X - g{X, Z)Y]. (27) 
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From (gZl) and 



{VwR){X, Y)Z = VwR{X, Y)Z - R{VwX, Y)Z 

-i?(X,Vvi/y)^-i?(X,r)Vi4/^, (28) 



we get 



[VwR){X, Y)Z = Z)X - g{X, Z)Y - g{Y, Z)i^{X)^ 

+ g{X, Z)i^{Y)i - v{Y)v{Z)X + f^{X)f^{Z)Y] 
+ (3 - ^MY, Z)f^{X) - g{X, ZUY)]Ww^ 

+ (3 - '^My)X - v{X)Y]{VwvKZ) 

+ (3 - ^MY, Z)i - r^{Z)Y]{Vwv)(X) 

- (3 - Z)i - Tj{Z)X]{Wwv){y)- (29) 

Now, let y be a non-zero vector field orthogonal to f and X = Z = ^. Then 
from (pn)). we have 

{VwRM, Y)^ = -2(3 - ^)iVwvmY. (30) 



Since (pS, = 0, then using ((191) we obtain 

{'^wv){O=9iW,cj,O = 0- (31) 

Setting (gH) in dSni) yields 

(Vv^i?)(e,y)e = o. (32) 

Since M is a ^-recurrent manifold then there exists a non-zero 1-form A such 
that satisfies in (flT)) . Thus using (ITTt and (l32|) we deduce that 

AiW)R{^,Y)C ^ 0. (33) 

Since M is Sasakian manifold and F is a non-zero vector field orthogonal to ^, 
then we have 

Ri^,Y)C = viY)C - viOY ^ -Y. (34) 

Setting (IM)) in ([55)1 implies that A(VK)F — 0, which contradicts with the con- 
dition A{W) 7^ 0. □ 

Theorem 3.3. There is no (p-recurrent Sasakian manifold M^"+^ with n > 1. 

Proof. Let Af^"+i (n > 1), be a 0-recurrent Sasakian manifold. Then using (ii) 
of HI) and dni), we get 

-{VwR)iX, Y)Z + T^{{VwR){X, Y)Z)i = A{W)R{X, Y)Z, 

or 

{VwR){X, Y)Z = T^{{WwR){X, Y)Z)i - A{W)R{X, Y)Z, (35) 
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where X, Y, Z, W are arbitrary vector fields on M and A is a non-zero 1-form 
on M . Using Bianchi identity 

iVwR){X, Y)Z + iVxR)iY, W)Z + iVYR){W, X)Z = 0, 

in ((35)) implies that 

A{W)R{X, Y)Z + A{X)R{Y, W)Z + A{Y)R{W, X)Z = 0. 

Applying 77 to the above equation yields 

A{W)r^{R{X, Y)Z) + A{X)ri{R{Y, W)Z) + A{Y)ri{R{W, X)Z) = 0. (36) 

By plugging in ((251), it follows that 

A{W)[g{Y, Z)rj{X) - g{X, Z)rj{Y)] + A{X)[g{W, Z)rj{Y) - g{Z, Y)g{W)] 

+ A{Y) [g{X, ZMW) - g{W, Z)ry(X)] - 0. (37) 

Now, we choose the (/)-basis {ei,(f>ei,^}^_^ for M^"+^ (n > 1). By setting 
Y = Z = ei, W = ej {j ^ i) and X = ^ in" ([371), wc obtain 

A{ej) = 0. 

Since j is arbitrary, then we deduce 

A(efe)=0, Vfc = l,...,n. (38) 

Similarly, setting Y = Z — Ci, W — 4>ej and X = ^ in ([57)) implies 

A{(f>ej) = 0. 

Thus we deduce 

A((/)efc)=0, Vft = l,...,n. (39) 

dSj) and (dD) give us 

(Vvvi?)(x, r)e = (VM.7?)(r)x - (VH.??)(x)y + r{x, y^w 

= 5(W^, (j)Y)X - g{W, (l)X)Y + R{X, Y)(j}W. (40) 

Putting X ^ W ^ ^ in (gO)) and using 0^ = and g{^, c/yY) = 77(0^) = 0, we 
get 

(v^i?)(^,y)e = o. 

Thus from (fT7)) we derive that 

= ^(Oi?(^, r)^ = A(0[?7(r)^ - r]. 

If y is a non-zero vector field orthogonal to then the above equation give us 
A{^) =0. Thus by using ^ and we deduce that ^ = on M, which is 
a contradiction. □ 

By Theorems 13.21 and 13.31 we conclude the following. 
Theorem 3.4. There exists no ip-recurrent Sasakian manifold. 
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4 0- Recurrent {k, yu)-Contact Metric Manifolds 

In [7], Jun-Yildiz-De presented the following example (see Section 5 in [7]). 

Example 4.1. ([7]) We consider 3-dimensional manifold M — {{x, y, z)\x ^ 0}, 
where {x,y,z) are the standard coordinates in R^. Let {61,62,63} be linearly 
independent global frame on M given by 

2d d Az d d d 

^1 •= "^2 2- -^+xy—, 63:=—. 

X ay ox X oy az az 

Let g be the Riemannian metric defined by 

5(61, 63) = 5(62, 63) = 5(61, 62) = 0, g(6i, ei) = 3(62, 62) = 3(63, 63) = 0. 

Let r] be the 1-form defined by ri{U) = g{U,ez) for any U £ x(Af). Suppose 
that (p be the (1,1) tensor field defined by 

4>ei = 62, (/)62 = -61, (/)63 = 0. 

Then using the linearity of 4> and g, we have 

77(63)^1, <^2(j^)^_[^^^(j;)gg^ (41) 
g(^C/,0M^)=ff(C/,W^)-77(C/)?7(M^), (42) 

for any U,W £ x(^^)- Moreover 

/lei = —61, ft,62 = 62, he^ = 0. 

Thus for 63 = ^, {(j), ^, r/, g) defines a contact metric structure on M. Hence 
we have 

2 

[61,62] = 263 + -61, [61,63] =0, [62,63] =2ei. 

X 

The Riemannian connection V of the metric g is given by 

2giVxY, Z) = Xg{Y, Z) + Yg{Z, X) - Zg{X, Y) 

- g{X, [y, Z]) - g(r, [X, Z]) + g{Z, [X, Y]). (43) 

Taking 63 = ^ and using the above formula for Riemannian metric 5, it can be 
easily calculated that 

Vei63=0, Ve263 = 26i, Ve3e3=0, Veie2 = |6i 

Ve^ei = -263, Ve262=0, Ve362 = 0, Vei6i==--62. 

By (HH), it is easy to see that ((/>, ^, 77, g) is a (k, /i)-contact metric manifold with 
«^ = -f ^OandAi = -f y^O. 

Now we show that the above example is not correct. 
Using (j44p we obtain 

^(61, 62)63 = Ve263 - Vg^ Vei63 - V[ei^e2]63 

2 

= 2Vei6i - 2Ve363 - "^6163 

= --62. (45) 
X 
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But we have 

-R(ei, 62)63 = K(77(62)ei - 77(61)62) + /i(7?(e2)ft.ei - ri{ei)he2) = 0, (46) 

because 77(61) — 5(61,63) = and 77(62) = 5(62,63) = 0. Thus contradicts 
(ESI). 

In [2, Blair-Koufogiorgos-Papantoniou proved the following. 

Lemma 4.2. (j^) Let be a three-dimensional (k, /i)-contact metric mani- 
fold and X be a unit eigenvector of h, say hX — XX, X orthogonal to ^, where 
A = \/l — K. Then for k < 1, we have 

[e,X] = (l + A-|)0X, [(bX,^] = {l-X-'-^)X, [X,^X]=2^, 
VxX = V^xcl)X ^0, Vx(pX = {X + l)t V^xX = (A-l)e, 
Vx? = -(l + A)0X, V^X = -^^i^X. 

Theorem 4.3. Let be a {k, fi)- contact metric manifold. Then M is (p- 
recurrent if and only if M is flat. 

Proof. Let be a (k, /i)-contact metric manifold. If k = 1, then using The- 
orem |L9] we deduce that is Sasakian. Thus by Theorem 13.21 we conclude 
that can not be 0- recurrent. Now let k < 1 and X be a unit eigenvector 
of h orthogonal to ^ with corresponding eigenvalue A = y/1 — k > 0. Then, 
according to Lemma there exist three mutually orthonormal vector fields ^, 
X, <j>X such that 

[X,cf>X] = 2t [0X,e]-(l-A-^)X, = (1 + A-|)</)X, (47) 

where (A, /x) G M^. To simplify in computation, we set 

^:=ei, X:=62, (f>X := e^, C2 := 1 - A - ^, C3 1 + A - ^. 

Therefore (|Tf)) can be written as 

[62,63] =2ei, [63,61] = C262, [61,62] = C363. (48) 

Since ei, 62 and 63 are orthonormal, then we have g{ei,ej) = Sij. Thus we 
obtain 

'7(62) = 5(62,61) = 0, 77(63) = 5(63,61) = 0. (49) 
Using (pSjl . and noting that 77(61) = 77(^) = 1, we obtain 

^77(63, 62) -^7/(62, 63) = ^77([62,63]) = 1, 

d77(6„6,)=0, V(z,j)^(2,3),(3,2). 
Moreover, the condition dri{ei,ej) = g{ei,(j)ej) gives us 

(/i6i = 0, 062 = 63, 063 = -62. 
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Using (|43p . (HH) and g{ei,ej) = 6ij, it follows that 

Ve^ei = 0, Ve2e2 = 0, Veaea = 0, 

Veie2 = |(C2 + C3 - 2)63, Ve^ei = i(c2 - C3 - 2)e3, , . 

Veie3 = -i(c2 + C3 - 2)62, Veaei = i(c2 - C3 + 2)62, 
Ve2e3 = 5(C3 - C2 + 2)61, Ve3e2 = ^(C3 - C2 - 2)6i. 

The Riemannian curvature of V is defined by 

R{X, Y)Z = VxVyZ - Vy^xZ - V[x,y]Z. 
Using (jSOl) and the above equation, one can obtains the following 

i?(e2, 63)62 = i[12-4(e2 + C3) - (62 - 63)2)63 = (K + /i)e3, (51) 

i?(e2, 63)63 = -i[12 - 4(c2 + C3) - (62 - C3)2]e2 = -{k + ^)62, (52) 
i?(6i,6j)6fe = 0, yi^j^k^i. (53) 

Moreover, since is a (k, /i)-contact metric manifold, then using he2 = A62 
and hes = — A63, we get 

i?(62, 61)61 = (k + ^A)62, i?(e3, ei)ei = (k - ^A)63. (54) 

Using dnH), dSl]), dSni) and ^ we have 

(Ve,i?) (62, 63)63 = (Ve^i?) (62, 63)62 = (Veii?)(62, 63)6, =0, « = 1, 2, 3, (55) 
(Ve,i?) (62, 63)62 = 2(1 + A)2(l - A + ^)6i, (56) 

(Ve3i?) (62, 63)63 = 2(A - 1)2(1 + A + ^)6i, (57) 

(Ve^i?) (62, 63)61 = -(1 + A)[(k + ^A)62 + {k + fi)e3]. (58) 

Now, let be the 0-recurrent manifold. Then there exists a non-zero 1-form 
A on M such that (IT7)l holds for arbitrary vector fields X,Y,Z,Won M. Thus 
using ini), dSH) and dSH]), it resuhs that 

02((Ve,i?)(62,63)6i) =0. 

This means that 

(1 + A)[(k + AiA)62 + (k + Ai)63] = 0. 

Since A > 0, then above equation gives us k = —fj, and k = — ^A. The solution 
of these equations yield k = ^ = 0. Thus we have R{X, Y)£^ = for every vector 
fields X and Y on M. Therefore according to Theorem 12.11 we conclude that 
is fiat. The converse of the theorem is obvious. □ 

Now, let be a locally symmetric (0-symmetric) (k, /i)-contact metric 
manifold and k < 1. Then we have Vi? = (^^(Vi?) = 0). Thus using (ISS)) . 
similar to the proof of the above theorem, we obtain k = /i = 0. Therefore we 
can conclude the following. 

Theorem 4.4. Let be a non-Sasakian (k, ^)-contact metric manifold. Then 
M is locally symmetric if and only if M is flat. 
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By the same argument used for the Theorem 14.41 we have the following. 

Theorem 4.5. Let AP be a non-Sasakian (k, fj,)-contact metric manifold. Then 
M is (j)- symmetric if and only if M is flat. 

Since 06 1 =0, then using ([55]) . (|55|) and ([57]) we deduce that 

(Veai?) (62, 63)62 = (Ve^i?) (62, 63)63 = ( Vgg i?) (62 , 63)62 = ( Vgg i?) (62 , 63)63 0. 

Thus for every vector fields X , Y, Z, W orthogonal to ^, it follows that 
Therefore we get the following. 

Theorem 4.6. Every non-Sasakian {k, ^)-contact metric manifold M^{(j)., ^, 77, g) 
is locally (j)- symmetric. 



By the Theorems 13.21 14731 14.41 14751 we conclude the following. 

Corollary 4.7. There exists no 3-dimensional (p-recurrent (k, fi)-contact metric 
manifold, which is not locally symmetric (locally (p-symmetric or (p- symmetric). 



Also, from Theorem 14.61 it results the following. 

Corollary 4.8. There exists no non-Sasakian locally (p-recurrent {k., contact 
metric manifold with dimension 3, which is not locally (p-symmetric. 



In [3], the authors proved the following result. 

Theorem 4.9. ([3 ) Let M'^"^-^ be a contact metric manifold with ^ belonging 
to the (k, /i)-nullity distribution. Then k < 1. If k = 1, then h = and 
j^pn+i ^ Sasakian manifold. If k < 1, then A/p"^-^ admits three mutually 
orthogonal and integrable distributions D{0), D{X) and D{—X) determined by 
the eigenspaces of h, where A = vT~~k. Moreover, 

R{Xx,Yx)Z^x = (k-m)[.9(0>a,^-a)0^a - .g(0^A,^-A)0n], (59) 

RiX^x,Y^x)Zx = {k- ^IM^Y^x,Zx^X^x-9{^X^x,ZxW.x], (60) 

R{Xx,Y^x)Z^x = Kg{cpXx,Z^x)cbY^x+M^Xx,Y^x)^Z^x], (61) 

R{Xx,Y^x)Zx = -Kg{^Y^x,Zx)^Xx- M(bY-x,Xx)cf,Zx], (62) 

R{Xx,Yx)Zx = [2{l + X)-fi][g{Yx,Zx)Xx-g{Xx,Zx)Yx], (63) 

R{X^x, Y^x)Z-x = [2(1 - A) - iiMY^x, ^-a)^-a - .9(^-a, Z^x)Y^x], (64) 

where Xx,Yx,Zx G D{\) and X_a,V1a,^-a G D{-\). 

Then they showed the following. 

Theorem 4.10. ([3]) Let M^"+^ be a (k, /i)-contact metric manifold with k, < 
1. Then the following hold: 

(i) If X,y e D{\) (resp. D{-^\)), then V xY G D{\) (resp. i7'(-A)). 

(ii) If X G D{X), Y G -D(-A), then ^ xY (resp. VyX) has no component in 
D{\) (resp. -D(-A)). 
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Using (HH), dMl) and (i) of Theorem HTHl we obtain 



{yw,R){Xx,Yx)Zx = [2{1 + X)- ^j.][{S/w,giYx,Zx))Xx+giYx,Zx)Vw,Xx 

- {VwMXx, Zx))Yx - g{Xx, Za)Vw,Xx - g{Vw,Yx, Zx)Xx 
+ g{Xx, Zx)Vw,Yx - g{Yx,Zx)^w,Xx + g{Vw,Xx,Zx)Yx 

- g{Yx,^w^Zx)Xx+ 9{Xx,^w,Zx)Yx] 

= [2(1 + A) - fi][{Ww,g){Yx, Zx)Xx - {Vw,g){Xx, Zx)Yx] 
= 0. (65) 

Similarly, using (gS]), ^ and (i) of Theorem lilHl it follows that 
{Vw-^R){X-x,Y^x)Z-x = i). 

Therefore we have 

Lemma 4.11. Let Af^"+^ he a {k, fi)- contact metric manifold. Then Vi? van- 
ishes on D{X) and D[—\), i.e., we have 

{yw^R){Xx,Yx)Zx = Q, iVw^,R)iX-x,Y^x)Z^x=0- 



Now, we are going to consider the existences of (/(-recurrent (k, fi) contact 
metric manifold M^"+^ with n > 1. 

Theorem 4.12. There is no (f>-recurrent (k,/^) contact metric manifold M'^"^^ 
(n > 1). 

Proof. Let Af^"+^ {n > 1), be a ^-recurrent (k, /i)-contact metric manifold. 
Then §^ holds. Setting ^ in ^E^, implies that 

A{W)[K{g{Y, ZUX) - g{X, Z)i^{Y)} + ^l{g{hY, Z)f^{X) - g{hX, Z)f^{Y)}] 
+ AiX)[K{giW, Z)r,{Y) - g{Z, Y)t^{W)} + ^hW, Z)r^{Y) - g{Z, hY)r^{W)}] 
+ A{Y)[K{g{X, Z)r^{W) - g{W, Z)7^{X)} + ^Ji{g{hX, Z^W) - g{hW, Z)r,{X)}] 
= 0. (66) 

Let {ci, (/)ei, be an orthonormal i/i-basis with e,; G D{X). By plugging 

Y = Z ^ e„ w'= Cjii ^ i) and X = ^ in we get 

A(ej)(K + ^A) =0. (67) 
Similarly, setting Y — Z — Ci, W ^ (pei and X = £^ in (|66| we obtain 

A{(l)ei){K + fiX) ^ 0. (68) 
By using Lemma [4 . 1 1 1 and pT)) . it follows that 

= </>2((Ve,i?)(e„efe)efe) = v4(ej)i?(e„efc)efc = [2(1 + X) - fi]A{ej)e„ i ^ k, 

= ^eiR){4>ei,(i)ek)4'ek) = A{(l)ei)R{(f>ei, (j)ek)(l)ek 

^ [2{1 - X) - fi]A{cj)ei)<l>e,, i^k. 
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The above equations give us 



A{ej) =0 or ^ = 2(1 + A), (69) 
A{(j)ei) =0 or ^ = 2(1 - A). (70) 



Now we consider all of cases that would be occur for A. 



Case 1: Let A be non-zero on both of D{X) and _D(— A). Then there exist 
l< i,l <n such that A{ej) ^ and A((/)e() ^ 0. In this case, using ((Ml), GO]) 
we deduce A = which is a contradiction. 



Case 2: Let A be non-zero on D{X) and zero on _D(— A). Then there exist 
1 < j < JT- such that A{ej) ^ 0. In this case, using (|57)) and we derive that 
K + ijlX = and /i = 2(l-|-A). A simple substitution yields A = — 1 which is a 
contradiction. 



Case 3: Let A be zero on both of D{\) and £>(— A). Since A is a non-zero 
1-form, then A(^) 7^ 0. Since g{ei,£_) — 0, then 5(V^ei,^) = 0. Thus V^e^ has 
no component with respect ^. Therefore we can write 

V^ei = a^Cr + bl(f>er- (71) 

Using ini), (EH), dnH) and dMl) we obtain 

(V^i?)(ej,efc)es = [2(1 + A) - /i][(456^ - Sjsbl)(l>er + a^efe - a^e^ + a^Cfc 

- ajej] -I- [nb^jtpek + fJ-bj(l)es — 'ib1.<j)ej — ^ib'^4>es + Kbi(l)ek 

- Kb';(l)ej - ^itP^clyek + M&^'/'ej] . (72) 

By g{ej,ek) = 5jk and we get 

4 + ai = 0. 
Then ([7^ reduce to the following 

(V,i?)(ej, efe)e, = [2(1 + A) - m](4.&; - <5,s&D</'e. + i^b] -f- fefe^ - ^6^)06^ 

- {nbl + - ^Jib1)c^e, + fiib'; - bi)cbes. (73) 

Using dm), dMl) and we deduce that ^ = 2(1 + A). 
Since V^^ = 0, then 

(V4i?)(c, Y)( = K(V577)(y)e + /i[/i(v^y) - v^/.y]. (74) 

Using the first part of (IT^ implies that 

(Vc?7)(r) = .g(e + /iC, •/'i^) = 3(f , 0>^) = '7('^(5")) = 0. 
By setting the above equation in (fTl)) . one can obtains 

(Vei?)(C, r)C = /^[^(V^r) - W^hY]. (75) 
On the other hand, ([7T|) gives us 

MVee,) = A(a^e,-6^'0e,), V^/ie, = A(a^'e, + 6^0e,). (76) 
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Setting Y ~ Ci in ([75]) and using (175)) we get 
which gives us 

Using (jlOL (jl7p and the above equation we have 

(k + AiA)A(^)ej + 2fi\ly'.(t)ej = 0. 

Since A{£^) ^ 0, then from the above equation we deduce that k + fiX — 0. As 
we see in Case 2, this contradicts /i = 2(1 + A). 

Case 4. Let A be non-zero on D{—X) and zero on D{X). Then there ex- 
ists 1 < I < n such that A{(j>ei) ^ 0. In this case, by and (|7D|) we have 
K + /iA = and /i = 2(1 — A) which yield 3A^ — 2A — 1 = 0. This equation and 
the condition A > give us A = 1. Thus we have k = /i = 0. 

Now, we compute (V0e,-R)(ei, ej)efe. Since 5(V0e,ei,^) = -^(ej, V^ejO = 0; 
then ^ i^ei^i has no component with respect ^. Also, from Theorem 14.101 we 
deduce that V^eiCi has no component in £)(— A). Thus we can write 

V^eiGi = r[,er, (77) 

where = (/(V^eiGi, e^). From (|77p and considering g(ei, e^) = (5;^, we obtain 

= -ri.. (78) 

Using (inSl), (EZl), CHI) and noting k = /i = 0, it follows that 

(V^e,i?)(e„ej)efe = 0. (79) 

By using (fT7|. (|63|) and (|79|) . we deduce that A(0e;)((5j7cei — (JifeCj) = which 
gives A{i^ei) = that contradicts the assumption. 

According to the above cases, the proof is completes. □ 

In [2], Blair proved the following. 

Theorem 4.13. ([2]) If a contact metric manifold M^"+^ is of constant curva- 
ture c and n > 1, then c = 1 and the structure is Sasakian. 

Now, we are going to prove the following. 

Theorem 4.14. There is no non-flat {2n + 1) -dimensional (p-recurrent contact 
metric manifold of constant curvature. 

Proof. Let Af^"+^ be a non-flat 0-recurrent contact metric manifold. If n > 1, 
then according to Theorems 13.41 and I4.13[ the proof is obvious. Now let n = 1, 
i.e., let M be a 3-dimensional non-flat (/)-recurrent contact metric manifold. If 
M has the constant curvature c 7^ 0, then we have 

R{X,Y)Z^c{g{Y,Z)X~g{X,Z)Y). (80) 

Similar to ([55]), from (gS]) and ^ we get 

{\/wR){X,Y)Z ^Q. (81) 
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Putting Y = Z = £_m ^ and using (j80p and (1811) it follows that 

cA{W)[X ~ rjiX)^] ^ 0. 

If X is a non zero vector field orthogonal to ^, then the above equation gives us 
cA{W)X = 0, which is a contradiction to c 7^ and A{W) 7^ 0. □ 

Now, we are going to consider the existences of locally (/)-recurrent contact 
metric manifold of constant curvature. 

Theorem 4.15. There is no non-flat (2n + 1) -dimensional locally (p-recurrent 
contact metric manifold of constant curvature. 

Proof. Let M-^"+^ be a non-flat locally ^-recurrent contact metric manifold. If 
M has the constant curvature c 7^ 0, then (1501) holds. Therefore, similar to 
Theorem 14. 141 we deduce that 

{\/wR){X,Y)Z = Q. (82) 

Let {ei,0ei,^}, z = 1, . . . , n, be an orthonormal (/)-basis for M^"+^. Putting 
Y = Z = Cr and X = Cj (j 7^ i) in ([T7D and using ^ and we obtain 

cA{W)ej = 0, which is a contradiction to c 7^ and A(Tl^) 7^ 0. □ 
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